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Dynamical properties of 2D antiferromagnets with hole doping are investigated to see the effects
of short range local magnetic order on the temperature dependence of the dynamical magnetic
susceptibility. We show the pseudo-gap like behavior of the temperature dependence of the NMR
relaxation rate. We also discuss implications of the results in relations to the observed spin gap like
behavior of low-doped copper oxide high-Tc superconductors.
The spin-gap-like behavior observed in some low-doped
high-Tc cuprates by dynamical measurements [1] have re-
cently attracted much interest. The term “gap” origi-
nally arose because of the appearance of a broad peak
above Tc in the temperature dependence of the NMR re-
laxation time measurements. It is, however, not clear
whether the gaplike behavior is really associated with
the opening of the energy gap in the excitation spectrum
of the system, because the presence of superconductiv-
ity does not allow the measurement of the temperature-
dependent properties at low temperature.
There have been several theoretical explanations for
the origin of the gaplike behavior, for instance, a spinon
singlet formation mechanism [2] and a CuO2 bilayer cou-
pling mechanism. [3,4] Its origin is, however, still con-
troversial and is debatable. The purpose of the present
paper is to propose a new theoretical explanation for the
origin of the observed pseudogap behavior of cuprate su-
perconductors.
Our idea is based on the observation that the pseudo-
gap behavior is characteristic of low-doped cuprates, in-
cluding, in particular, the pure undoped 2D Heisenberg
antiferromagnets as an extreme case. We also assume
that it is a property already present in the single- layer
system, noting the fact that the gaplike behaviors are ob-
served even in single-layer high-Tc cuprates. [5] It is then
quite natural to assume that the observed pseudogap be-
havior will arise as a result of the short-range magnetic
order (SRO) of the low-dimensional Heisenberg antiferro-
magnets with lowering of the temperature. The gaplike
behavior has also been discussed in associating with the
antiferromagnetic correlations in terms of the spin fluc-
tuation theory. [6] Our purpose is to test this concept by
explicit numerical diagonalization of the t-J model.
In low-dimensional magnets, even if there appears no
long-range magnetic order, SRO begins to grow when the
temperature of the system decreases below the character-
istic temperature, which is of the same magnitude as the
magnetic coupling constant. The excitation spectrum of
the system is then affected by the presence of the anti-
ferromagnetic SRO, i.e., spin excitations are suppressed,
resulting in the deviation of the Curie-Weiss-like tem-
perature dependence of 1/T1T as well as giving rise to
a broad peak around a cross-over temperature. In this
way, without assuming the real energy gap, we are still
able to explain the observed gaplike temperature depen-
dence. By hole doping, SRO will be rapidly suppressed,
which will also be in accordance with the observed hole-
concentration dependence of the spin-gap temperature
Ts.
The Hamiltonian of the present study is the finite-size
single-layer t-J model given by
H = −t
∑
<i,j>,σ
(c†j,σci,σ + c
†
i,σcj,σ) + J
∑
<i,j>
(Si · Sj − 14ninj),
(1)
where t is the nearest-neighbor (NN) electron hopping
integral and J is the antiferromagnetic Heisenberg ex-
change constant between spins on adjacent lattice sites.
Throughout the paper, all the energies are measured in
units of t. With the use of the calculated eigenvalues
and eigenvectors, we evaluated the temperature depen-
dence of the NMR relaxation rate 1/T1 by the following
formula: [7]
1
T1T
∝ lim
ω→0
1
ω
∑
q
Imχ(q, ω), (2)
where Imχ(q, ω) is the imaginary part of the dynami-
cal spin susceptibility of conduction electrons. The ef-
fect of the q-dependence of the hyperfine form factor
is neglected, for simplicity. In actual numerical estima-
tions of Imχ(q, ω) the δ-function is approximated by the
Lorentzian distribution with a small width ǫ = 0.01t. In
order to reveal the relation between the temperature de-
pendence of the relaxation rate and SRO, the NN spin
correlation function is also calculated by
C1 =
1
N
∑
i
1
4
∑
ρ=±xˆ,±yˆ
〈Szi Szi+ρ〉. (3)
Since we need all the eigenvalues and eigenvectors, the
cluster size of the model was limited by the available
disk space of the computer. We show, in Fig.1(a), the
temperature dependence of 1/T1T and NN spin correla-
tion function for the
√
10 ×√10 cluster with 0, 1 and 2
holes, corresponding to the hole concentrations, δ=0, 0.1
1
and 0.2, respectively. We employ J = 0.3, estimated for
cuprate superconductors. We clearly see a broad peak
in the temperature dependence of 1/T1T of the undoped
system around the temperature T ∼ J , which agrees with
the temperature below which SRO begins to prevail.
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(b) J=0.6
FIG. 1. Temperature dependence of 1/T1T (the right
hand side of (2) in the text) and NN spin correlation C1 for
(a) J = 0.3 and (b) J = 0.6.
Unfortunately no significant suppression of 1/T1T is
observed in systems with hole dopings, as shown in the
same figure. This is, however, consistent with the absence
of SRO in these systems. For small clusters, the relative
importance of the effect of electron hopping tends to be
overestimated for the fixed value of J . Therefore we also
performed the same calculation assuming a larger param-
eter value of J (=0.6). From the T -dependence of 1/T1T
in Fig.1(b) with δ = 0.1, we clearly see that the gaplike
behavior is also present even in the doped system, which
correlates well with the appearance of SRO. From the
δ-dependence of the figure, we also see that the tempera-
ture region having SRO rapidly decreases with increasing
hole concentration. Since the calculated lowest excitation
gap of a
√
10 × √10 cluster with one hole is 0.146, the
broad peak around T ∼ 0.4 is not related to any finite
size effects. We have confirmed that the same correlation
between that 1/T1T and SRO also exists on the
√
8×√8
cluster with one hole (δ=0.125), which suggests that the
feature is a bulk property independent of the system size.
The same calculation with hole dopings was reported for
the 4 × 4 cluster [8] (J/t = 0.3). However, the temper-
ature range did not cover the region where the peak of
1/T1T was expected to be observed. We have confirmed
that the broad peak structure in the T -dependence of
1/T1T is almost independent of the Lorentzian width ǫ.
The absolute values of 1/T1T , on the other hand, are
very sensitive to our choice of ǫ in such small cluster cal-
culations. Therefore the relative magnitude of the curves
in Fig.1, evaluated by assuming the same ǫ value for sev-
eral δ values, should not be taken seriously. For the same
reason, 1/T1T has a large but finite value at low temper-
ature for δ = 0.2.
In the Heisenberg model with no hole doping, the
presence of the broad peak in the temperature depen-
dence of 1/T1T around T ∼ J has already been de-
rived by Chakravarty and Orbach [9] based on the high-
temperature series-expansion method. They also pre-
dicted that 1/T1T shows a minimum in its T -dependence
around T ∼ J/2, which was later verified by the quantum
Mont-Carlo calculation [10] for the case of local hyperfine
coupling. The upturn behavior of 1/T1T for δ = 0 in our
Figs.1(a) and 1(b) may arise by the above mechanism.
Owing to the finite-size effects we must, however, be
careful when drawing any definite conclusions concerning
whether these minima will survive even in the presence of
hole doping in the thermodynamic limit at low tempera-
ture. In bulk two-dimensional Heisenberg systems with-
out hole doping, the broad peak at around T ∼ J may
be difficult to observe as clearly as in Fig. 1, because the
long-range antiferromagnetic order grows toward T = 0
at low temperature. A modified high-temperature series
expansion study [11] actually yielded not such a clear
peak, but a small shoulder in the temperature depen-
dence of 1/T1T . Experimentally, though no peak struc-
ture in the T dependence of 1/T1T for La2CuO4 has been
observed by Imai et al., [12] its absence is still controver-
sial because the temperature range is limited to below
T ∼ J . On the other hand, in the case of systems with
hole doping, we expect the peak behavior to be more eas-
ily observed than in the pure Heisenberg system, due to
the absence of the antiferromagnetic long-range order in
the ground state at T = 0 K.
In conclusion, we have succeeded in deriving the pseu-
dogap behavior of high-Tc cuprates. We showed that a
2
broad peak appears in the temperature dependence of
1/T1T because of the suppression of the dynamical sus-
ceptibility due to the development of SRO inherent to
undoped low-dimensional Heisenberg antiferromagnets.
It will be interesting to examine the effect of SRO on
other dynamical quantities, such as neutron scattering
intensities and the photoemission spectrum. We could
also show that hole doping rapidly destroyed the SRO of
the system, resulting in the observed hole-concentration
dependence of the spin-gap temperature.
If the present scenario is true, the hole concentration
dependence of the superconducting critical temperature
Tc can be understood as follows. First the behavior seems
to suggest that the antiferromagnetic SRO is necessary
for the superconducting mechanism of high Tc cuprates
to work. In the underdoped region, because the SRO is
always present since Ts > Tc, Tc is mainly determined by
some pairing mechanism, giving rise to the critical tem-
perature proportional to the hole concentration. On the
other hand, in the overdoped region, though the mech-
anism might indicate a higher Tc, it is upper-limited by
Ts because of the disappearance of SRO. We are not con-
cerned with the nature of the pairing mechanism of the
superconductivity in the present paper. The presence of
SRO, in this way, may play a significant role as a nec-
essary condition for the occurrence of the high-Tc super-
conductivity.
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